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Confined thin structures are ubiquitous in nature. Spatial and length constraints have led to a
number of novel packing strategies at both the micro-scale, as when DNA packages inside a capsid,
and the macro-scale, seen in plant root development and the arrangement of the human intestinal
tract. By varying the arc length of an elastic loop injected into an array of monodisperse, soft,
spherical grains at varying initial number density, we investigate the resulting packing behaviors
between a growing slender structure constrained by deformable boundaries. At low initial packing
fractions, the elastic loop deforms as though it were hitting a flat surface by periodically folding into
the array. Above a critical packing fraction φc, local re-orientations within the granular medium
create an effectively curved surface leading to the emergence of a distinct circular packing morphol-
ogy in the adjacent elastic structure. These results will bring new insight into the packing behavior
of wires and thin sheets and will be relevant to modeling plant root morphogenesis, burrowing and
locomotive strategies of vertebrates & invertebrates, and developing smart, steerable needles.
PACS numbers: 45.70.-n, 46.32.+x, 62.20.mq
Under rigid confinement, thin structures tend to adopt
the geometry circumscribed by their confining bound-
aries [1–5]. Draping a thin sheet or filament onto a rigid
flat surface causes it to fold [6, 7], leading to the for-
mation of multiple alternating loops as the arclength is
continuously increased [8, 9]. In the presence of a rigid
curved surface, flexible structures may coil, roll-up, or
spiral, as seen with the packaging of household paper
products [10] or when pulling a thin sheet through a small
aperture [11]. Similar folding and circular morphologies
have also been observed in thin structures under flexi-
ble/soft confinement [12, 13]. In both types of confine-
ment, the material and structural characteristics of the
containing space (geometry, rigidity, etc.) are effectively
fixed: even when softly confined, packing thin structures
can only slightly influence their flexible containers [14].
What happens when the notions of confining rigidity and
geometry are less clearly defined is not well understood,
yet this situation frequently occurs when slender objects
pack within complex and fragile media.
Drawing inspiration from growth patterns in Arabidop-
sis roots [Fig. 1(iv), 1(IV)] [15–18] and previous work on
the packing of thin rods in granular media [19–22], we
consider the packing of an elongating slender loop, where
we observe the same packing transitions. In this Letter,
using a combination of experiments and scaling analy-
sis, we characterize the emergent behavior of these dis-
tinct packing morphologies, and the role played by the
evolution of the surrounding granular medium. These
elastogranular systems will be helpful in the study of
piercing & penetration at soft-solid interfaces [23, 24],
in the design of dirigible surgical tools [25], and pro-
vide a novel approach for looking at the packing of
thin elastic structures across a spectrum of confinement
strengths [14, 22, 26, 27].
Experimentally, a quasi-statically elongating elastic
loop is confined to deform within granular monolayers at
varying initial prepared packing fractions φ0 [28]. Soft,
spherical hydrogel grains of radius r = 9.28± 0.164 mm
comprise a granular bulk of approximately monodisperse,
nearly frictionless grains (MagicWaterBeads). A long
strip of polyethylene terephthalate (PET) film, identical
to that used in reel-to-reel cinema projection, is clamped
within a custom-built film sprocket/roller mount to form
a “pinched” elastic loop [29, 30], protruding into the ex-
perimental enclosure, of initial arclength S0 ≈ 70 mm,
width b = 35 mm (out of the page in Fig. 1), and thick-
ness h = 0.138 mm [see videos S1 & S2]. This mounting
device creates a single clamped-roller boundary condition
that allows for incremental adjustments ∆ to the loop’s
arclength, up to a maximum value S0 +∆ ' St/2 (where
the film’s linear length St = 2.4352 m). The geometry de-
fined by the loop-tip ensures strictly elastic deformations
of the material, as beginning an experiment with the film
outside the enclosure would require plastic deformation.
As the arclength begins increasing by a small amount
∆ (∼ 2 mm), the elastic loop maintains its characteristic
racket shape, a geometry observed over a wide range of
length scales in fluid-thin structure interactions [31, 32].
In the absence of any externally applied forces, the left-
right symmetry of this configuration hypothetically per-
sists in the limit ∆ ≫ 1, however, the presence of the
granular medium acts to confine and buckle the elas-
tic loop. Thin structures favor bending over stretching
as a deformation response to applied forces; indeed at
larger ∆-values, the symmetry of the pinched-loop con-
figuration is lost as the thin structure relaxes stored
curvature (housed primarily in the distal tip region)
[Figs. 1(ii), 1(II)]. Continued increase of the arclength,
along with local re-arrangements in the granular medium
[Fig. 2], elicit one of two distinct packing morphologies in
the elastic loop: a disordered folded phase [Fig. 1(a)] ob-
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2FIG. 1. A slender elastic loop quasistatically injected into a granular array of varying initial packing fraction φ0. (a) Below a
critical initial packing fraction (φ0 < 0.641), the elastic loop will pack into the granular medium by adopting a characteristic
folded geometry. (b) For φ0 ≥ 0.641, a characteristic circular packing morphology is seen to emerge. At low values of injected
arclength ∆, the two morphologies appear the same (i,I). Once set, the resulting circular and folded morphologies bear a striking
resemblance to developing Aribidopsis roots in contact with a hard agar substrate (iv,IV) [Adapted from [15, 16]].
servable over the entire range of initial packing fractions,
0 ≤ φ0 ≤ 0.828, and an ordered circular phase [Fig. 1(b)]
emerging only in higher density arrays above a critical
initial packing fraction φc = 0.641 [33].
The implication here is that the granular medium (once
jammed) acts as the confining mechanism, possessing
both a certain level of rigidity and degree of curvature
(ranging from flat to semi-circular) that will drive the
system to adopt one morphology over the other. Look-
ing at the local orientational order ψ6 provides a visual
(and also quantifiable) means of assessing the rigidity in
a given array: highly-ordered regions (i.e. ψ6 ≥ 0.66) are
observed to form the walls/surface of a granular contain-
ing space against which the elastic loop deforms [Fig. 2].
Determining the extent to which the surrounding grains
form a curved surface is more subtle and requires look-
ing at how elastic deformations in the loop influence the
formation of these boundaries.
We begin by quantifying the spatial extent of the elas-
tic loop’s deformation via a penetration depth `p, the
maximum distance (in the y-direction) which the thin
structure can deform into an array at a given φ0, and
a radius of gyration Rg, characterizing the (general)
area within which elastic deformations localize. The
measurement of penetration depth is straight-forward
and progressively larger φ0-values are seen to result in
lower values of `p overall, regardless of the thin struc-
ture’s chosen morphology [Fig. 3]. The intuitive result
that it becomes increasingly difficult to introduce addi-
tional arclength into a decreasing amount of available
surface area, contrasts with the behavior that we ob-
serve above φc, in which the circular morphology arises
FIG. 2. The role of the granular contour. While a freely in-
jected elastic loop (i) will drape against a flat surface (I), the
introduction of the granular medium can modify the curva-
ture (ii,iii) and rigidity (II,III) of the surface against which the
loop deforms. The influence of local bond orientation order
ψ6, which provides a measure of confining boundary rigidity,
is apparent in both (II) folded and (III) circular packing mor-
phologies. ( ) ψ6 ≥ 0.66; ( ) 0.33 < ψ6 < 0.66; ( ) ψ6 ≤ 0.33.
The experiments shown in (I-III) are at the same injected
arclength.
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FIG. 3. Penetration depth `p normalized by the length L of
the experimental enclosure, as a function of initial packing
fraction φ0 for folding (red diamonds) and circular (light blue
circles) geometries.
as a deformation mode. At equal φ0, penetration depths
for circular packing are always greater than or equal
to `p-values measured in folded packing configurations
[Fig. 3]. This behavior suggests that circular packing may
be energetically preferable for thin structures elongating
within dense granular media (φ0 > φc) in finite domains,
commonly observed in root-bound plants in need of re-
potting [34].
Values of `p remain nearly constant (at their maxi-
mum value) after the initial buckling of the loop, how-
ever, inklings of the final morphology only become appar-
ent well into the post-buckling regime [Figs. 1(ii), 1(II)]:
the loop continues to pack into the grains, which will
eventually jam the surrounding granular network. We
quantify the evolution of the surrounding medium to-
wards a curved/circular profile by defining a radius of
gyration Rg. Recall that the area of an ellipse (with
semi-major/semi-minor axis’ {a, b}) Ae = piab, is equiv-
alent to a circular area Ac = piR
2
g, whose radius we take
as defining the radius of gyration Rg. This approach
allows us to measure Rg in all experiments, as the elon-
gating loop tends to accumulate in elliptically-bounded
regions below φc and in folded configurations [Fig. 2(ii)].
Balancing terms between {Ae, Ac} shows that the radius
of gyration: Rg ∼
√
ab (where for circular morphologies
a = b) [Fig. 2(iii)].
Measuring Rg over the range of φ0-values [inset,
Fig. 5(a)] (using the freely-available ImageJ plat-
form [35]), we observe that for granular arrays prepared
at low to mid-range packing fractions, φ0 . 0.6, the
elastic loop exclusively adopts a folded geometry. In
this regime the elastic loop is only weakly confined [14].
This behavior persists up until a critical packing frac-
tion φc = 0.641, where we begin to see the emergence
of the circular morphology. This does not imply that we
always observe circular packing for φ0 ≥ φc, only that
conditions within the system are now favorable for its
emergence. The absence of the circular morphology at
FIG. 4. (a) Injection of an elastic loop into a rigid container
with R = 117.78 mm leads to periodic folding, while (b) in-
jection into a container with R = 54.51 mm leads to circular
folding. The walls were cut with periodic rounded features
to reduce the contact area, and thus the friction, between the
loop and the wall.
lower values of φ0 reinforces the argument made previ-
ously with ψ6 that a certain strength of confinement (i.e.
level of rigidity) is needed within the grains to observe
circular packing. The grains must be able to form and
maintain a semi-circular boundary contour against which
the elastic loop deforms.
We speculate that the confining geometry necessary
for the transition between folded and circular patterns
is defined by a critical radius of gyration Rc. Given a
2D array of grains with packing fraction φ0 ≥ φc, Rc
is the circular inclusion that would cause the array to
jam locally, forming an effectively rigid containing re-
gion within which the slender loop will pack. It was
previously found [19] that the soft hydrogel grains used
in these experiments become jammed at a critical pack-
ing fraction φj = 0.8305 ± 0.0135. As ∆ increases in
the limit that φ → φj , the total surface area (avail-
able to the grains) within the array will change by an
amount proportional to a circular area ∼ piR2c , such that:
φj ∼ Npir2/(LW − piR2c) [36]. Rearranging to isolate for
Rc yields the scaling for the critical radius of gyration as:
Rc ∼
√(
LW
pi
)
−
(
Nr2
φj
)
. (1)
The RHS of Eq. (1) is composed entirely of known val-
ues, which yields Rc ' 94.32 mm. We corroborate this
scaling argument by performing a set of additional “toy
model” experiments where the elastic loop is injected into
circular, rigid walled confinements of different sized in-
ternal diameters. This has the effect of removing the
granular part of the problem and creates a truly rigid
confining boundary with which we can test our initial
assumption of treating the jammed grains as a rigid, ef-
fectively curved surface above φc [Fig. 4; videos S3 & S4].
Experiments using this toy model produce a value for the
critical radius of gyration Rt ' 99.12 mm, close to the
value obtained using the scaling in Eq. (1).
Although the grains are absent in the toy model ex-
periments, we can still infer hypothetical values of φ0
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FIG. 5. (a) Rescaling the radius of gyration Rg by the critical length Lc = 2pi
√
B/Fc brings material considerations into the
problem, which are seen to be independent of system size. Notably, the circular packing morphology emerges when Rg and Lc
are of the same order-of-magnitude. Inset: Radius of gyration Rg, normalized by the length L of the experimental enclosure,
as a function of initial packing fraction φ0 for folding (red diamonds) and circular (light blue circles) geometries. (b) Images
of the elastic loop i. just prior to buckling and ii. immediately following buckling. iii. Images from i. and ii. overlaid on each
other, with the two regions of the loop that appear to buckle highlighted (dashed red; solid blue). The length of the iv. left
and v. right half of the loop that appears to buckle are labeled sc. The labeled arclengths are both longer than Rg, meaning
this structure will pack with a circular morphology.
associated with each Rg tested for these idealized rigid
boundaries. A simple rewriting of Eq. (1) yields the hy-
pothetical φ0-value for a particular rigid circular confine-
ment region found in the toy model experiments [Fig. 4]
as:
φ0 ∼ φj
(
1− piR
2
g
LW
)
. (2)
Rearranging to isolate for Rg/L, Eq. (2) is plotted as a
solid black line in the inset of Fig. 5(a), alongside exper-
imental measurements for both folded (red diamonds)
and circular (light blue circles) runs. The scaling (2) is
in very good agreement with experiments; it validates
Rg as a measure of system physics and provides a lower
bound to the experimental data expressing the provi-
sional/nominal system size [14].
Normalizing Rg by an arbitrary system dimension [in-
set, Fig. 5(a)] creates de facto system-size dependence.
Ideally, we want to be able to describe these elastogranu-
lar interactions in a scale-invariant way. As a length scale
of granular origin, Rg can be regarded as a proxy for the
geometric constraints in a given array. Properly account-
ing for global shape changes, specifically the coupling be-
tween large deformations of the thin loop structure and
the evolution of its granular containing space, requires
that we bring material considerations into the analysis.
Drawing on similarities with other physical systems uti-
lizing a thin loop [7, 32, 37–39] hints at the existence of
an additional length scale originating with the slender
structure.
We assume that an effectively rigid, locally jammed
region of the granular boundary generates a force pro-
portional to the reaction force measured at the jamming
point φj for these particular grains [40]. Prior to buck-
ling, forces between the grains and loop tip will balance;
the bending rigidity B = EI of the elastic loop (calcu-
lated using the “free-fold test” [41]) opposes any break-
ing of symmetry. Treated as an Euler-buckling problem,
there exists a critical load Fc = 4pi
2B/L2, above which
the loop will buckle. Balancing the critical reaction force
Fc in the granular array at jamming with the material
properties of the elastic loop, we arrive at the critical
length
Lc = 2pi
√
B/Fc. (3)
Fig. 5(a) shows Rg as a function of φ0, where Rg has
been rescaled by the critical length Lc. Circular packing
necessitates buckling of the slender loop (allowing it to
accommodate excess length or “buffer-by-buckling” [42])
and the presence of a circular confining boundary, condi-
tions which become possible when Rg and Lc are of equal
orders-of-magnitude:
Rg = Rc ∼ Lc . (4)
The existence of this length scale helps illuminate the
lack of physical information provided by the penetration
depth: Lc is the length scale of elastic buckling. While
we calculate Lc from independent measurements of B
and Fc, a natural question is: what length of the elastic
loop does Lc correspond to? Returning to the toy model
experiments, we isolate two images of the elastic loop just
prior to buckling [Fig. 5(b)–i.] and just after buckling
[Fig. 5(b)–ii.] Overlaying these images [Fig. 5(b)–iii.], we
identify two portions of the elastic loop that appear to
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FIG. 6. Normalized maximum measured curvature κm as a
function of initial packing fraction φ0 for folding (red dia-
monds) and circular (light blue circles) geometries. The yel-
low pentagon represents the anticipated limiting behavior of
this elastogranular system Inset: As φ0 → 0.907, the max-
imum observable loop-tip curvature will approach a limiting
value κh, with a radius of curvature on the order of the aver-
age size grain radius in an array.
buckle at the same time (one on the left half of the loop,
the other on the right half). Isolating each length that
appears to buckle, and labeling it sc, we would expect
these structures to pack with a circular morphology if we
take Lc ≡ sc and find that sc > Rg. We find that both
lengths are longer than the radius of gyration containing
the loop (Rg = 67.2 mm; sc = 133.8 mm [dashed red],
sc = 141.2 mm [solid blue]), which suggests these lengths
that appear to buckle are what drives the selection of the
packing morphology [43].
In circular morphologies, the energy minimization
strategy for the elastic loop is essentially fixed once the
circular profile is formed. Additional injected arclength
will wrap around this inner circle similar to DNA spool-
ing within a capsid [44]. We can measure this radius
value experimentally, or infer a value using the scaling
in (1). In folded morphologies, we observe the forma-
tion of a cascade of loops increasing in number as either
∆ or φ0 become larger, with loop-tip curvature values
appearing to approach a limiting value κh. A similar
situation has been observed numerically in elastic rings
with self contact [45]. The limiting curvature κh is the
largest amount the loop may be bent by the granular
medium without inducing any plastic deformation. Due
to the monodispersity of the grains, we know a priori
the granular medium will approach a hexagonal-packing
configuration as an equilibrium geometry [46, 47]. We
thus anticipate that a loop-tip has a limiting radius of
curvature, 1/κh, on the order of the average size grain
radius r [inset, Fig. 6].
Along with material considerations, how slender struc-
tures deform depends intimately on their boundary inter-
actions. For the canonical case of elongating thin objects
confined within rigid containers, the geometry, stiffness,
and boundary continuity of the confining space can each
contribute to the deformation morphologies adopted by
these objects. By studying elastogranular packing, we are
able to probe a system in which large elastic deformations
occur within transitional boundaries. The discrete, flexi-
ble network of the granular medium surrounding the loop
(at low packing fractions) will change under increasing
confinement, becoming more analogous to a continuous,
rigid containing space. Simple experimental systems such
as these provide a novel investigative tool for looking at
how macroscale geometric features can arise in complex
media, and how these features in turn affect interactions
with inclusions.
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